TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION 1996

MATHEMATICS

3 UNIT / 4 UNIT COMMON PAPER

Time Allowed — Two Hours
(Plus 5 minutes reading time)

All questions may be attempted
Afl questions are of equal value
In every question, show all necessary working

Marks may not be awarded for careless or badly arranged work

Standard integral tables are printed at the end of the examination paper and may be
removed for your convenience; approved silent calculators may be used.

The answers to the seven questions are to be returned in separate bundles
clearly labelled Question 1, Question 2 etc. Each bundle must show your
Candidate's Number.



QUESTION 1 (12marks)

a) Differentiate with respect to x:

() x2In(1 + x2). (i) (tan -1x)2.
b) Find the exact value of :
2 )
. x2 +1 .. dx
(i) f = dx (ii) f —

1 1

¢) (i) Write down an expansion for sin (x - y),

.. . T 6 — 42
(ii) Hence, prove that sin = £4—\/_.

UESTION 2 (12marks
Start question on a new page
05

a) Use the substitutionu=1-2x to evaluate: f 2x(1 - 2x)4 dx.
0

b) (i) Sketch the graph of the function f(x) = 3 cos"1(2x).
(ii) Write down the natural domain and corresponding range of the function.

c) Ris the region bounded by the x-axis, between x = 2 and x = -2 and the

. . 1 . . .
curve with equation y = \/‘h . The region R is rotated about the x-axis.
+x2

Find the exact volume of the solid formed.

UESTION 3 (12marks

Start question on a new page

a) (i) Write cos x — V3 sin x in the form Acos(x + a) , where A>0, O<a< x.
(ii) Hence, or otherwise, solve cos X — V3 sinx =1 forall values of x.

b) There are 8 green cards, 8 red cards and 8 yellow cards in a pack. 4 cards are

selected at random without replacement. Find expressions for the probability
that :

(i) 4 green cards are chosen.



QUESTION 4 (12marks)

Start question on a new page

a) The rate of growth of a bacteria colony is proportional to the excess of the
colony's population over 5 000 and is given by:
(gf = k(N -5000).

(i) Show that N =5 000 + Ae ktis a solution of this differential equation.

(ii) The initial population is 15 000 and reaches 20 000 after 2 days. Find the
value of A and k.

(1ii) Hence, calculate the expected population after 7 days.

b) A boat is being winched towards a wharf by a rope attached to its bow, B.
The winch W is 3 metres above B. The rope is wound in at the rate of 12
metres per minute. Find the rate at which the boat is approaching the wharf
when the distance from the bow to the wharf is 5 metres (assume that the
rope is stretched tightly in a straight line at all stages of the operation).

QUESTION 5 (12marks)
Start question on a new page

a) (1) Prove that cot x + tan X = 2 cosec 2X .
Fig

3

(ii) Hence evaluate f cosec 2x dx .
X

s 6
(iii) Using the identity in part (i) above, prove cot 150=2 +1/3 .

b) (i) Sketch the graph of x=-acosnt whereQ<t< —21?— and a, nare

positive constants, clearly marking the intercepts.

(ii) Given the displacement x(t) of a particle is given by x(t) = —a cos nt
prove ¥ = —-n2x.

(iii) Assume that tides rise and fall in simple harmonic motion. A ship
needs 9 metres of water to pass down a channel safely. At low tide the
channel is 8 metres deep and at high tide it is 12 metres deep. Low tide
is at 7.00 am and high tide is at 1.30pm. During what times can the ship
proceed safely?



QUESTION 6 (12marks)

Start question on a new page

a) (i) Draw a neat sketch of the region bounded by the line y = x and the curve

3 —x2 . . . . .
y=">%> marking the coordinates of the points of intersection.

(ii) Calculate the area of the region bounded by this line and the curve.

(iii) a) Given f(x) = 3 —sz , find the largest possible domain such that

this function has an inverse.
B) State the domain and range of this inverse function.
¥) On your diagram, sketch this inverse function.

J (i) Using the identity (1 + x)8(1 + x)8= (1 + x)16 or otherwise, show that
2 2

W RN

~ (ii) Albert tosses a coin 8 times and quite independently Bruce also tosses a
coin 8 times. Calculate the probability that the number of heads obtained by
Albert equals the number of heads obtained by Bruce.

QUESTION 7 (12marks)
Start question on a new page

-a) A kat on the large planet HEART, sits at a point P on the top of a wall which
is 3.6 metres high. It sees a "nouse" on the ground. The "nouse" is exactly 4
metres from the base of the wall. The kat jumps horizontally from the top of
the wall with initial velocity of 6 metres per second. Take the acceleration
due to gravity g to be 20 metres per second 2, neglect air resistance and
assume that the jump of the kat can be modelled by a projectile particle.

@) Find“expressions for x(t) and y(t), the horizontal and vertical
displacements of the kat from P after t seconds.

(ii) Find the time taken for the kat to reach the ground.
(iii) Find the distance by which the kat fails to reach the nouse.
b) Isosceles trapezia are drawn with side CD always 24cm, sides AD and BC

equal and AD + AB + BC = 42cm. Find the dimensions of the trapezium
with greatest possible area. A B
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