Mathematics Extension 1 CSSA

HSC Trial Examination 2001

Marking Guidelines

Question 1
{(a) Outcomes Assessed: HS, H9
Marking Guidelines

Criteria Marks
+ one mark for simplification of sum 2
» one mark for value of sum
Answer:
4
YDk = —n+2-3441 =19
k=1
(b) Outcomes Assessed: P4
Marking Guidelines
Criteria Marks
« one mark for values of gradicnts
+ one mark for value of tan 8 3
+ one mark for size of angle
Answer:
AB has gradient m, =3 Ql_ulﬁl.m.v_l ) o
x+2y+1=0 has gradient m,=-1} = |_H+wﬁ|$_ =2 A ReSESE
(¢) Outcomes Assessed: (i) P5 (ii) PE3
Marking Guidelines
Criteria Marks
(i} * one mark for showing P{x) is odd
(i1) * one mark for showing remainder is — P(2) 3
* one mark for value of remainder

W:ws.nn
Pex)= (2 +a (2 +5 (2)
=x*—ax*-bx
hlﬁau.‘.n ku+&nv
=-P(x) forall x
=~ P(x) is odd.

(ii) When P(x) is divided by (x+2),
remainderis P{~2)= - P(2) since P(x) is odd
=-5  since P(2)=5

2603 - 2

(d) Outcomes Assessed: (i) (ii) PE3 (iii) PE3 (iv) H5, PE2, PE3

Marking Guidelines

Criteria

Marks

(1) *no marks for copying diagram

(1i) = one mark for reason

(iii) » one mark for reason

(1v) » one mark for showing £ MAB= £ ABD
* one mark for showing £ ACB = £ ACD

Answer:

()

M— N

c

(ii) £ ACB = Z MAB because the angle between the
tangent MA and the chord AB through the point of
contact A is equal to the angle ACB in the alternate
segment.

Question 2

(a) Outcomes Assessed: P7, PES

(1) £ ACD = £ ABD because the angles subtended in
the same segment at B and C by the arc AD are
equal.

(iv)
£MAB = £ABD (equal alternate angles, MN // BD)

ZLACB = ZACD (£ZMAB = £LACB, £ABD = £ACD)
s AC bisects £BCD

Marking Guidelines

Criteria

» one mark for first denvative
* one mark for second derivative using product rule.

Answer:

e

Q 2
—e" = 2xe” — e = —2xe
dx

(b} Outcomes Assessed: P4

Marking Guidelines

Criteria

Marks

* one mark for equation in x
* one mark for equation in y
* one mark for coordinates of B

~ B(5,0)
~y=0

Answer:
Sx-3x(-1)
= 14 = L=
5.3 = 5xr+3=28 SLEx=5
Sy—-3x(4
iulm = Sy-12=-12




{(c) Outcomes Assessed: PE3 Question 3
Marking Guidelines (a) Outcomes Assessed: (i) P4 (ii) PE3
Criteria Marks < e
» one mark for number of arrangements of vowels Marking Guidelines
« one mark for number of arrangements of consonants 3 Criteria Marks
+ one mark for total number of arrangements (i) » one mark for expansion and expressions for cos2 4, sin2A
* one mark [or simplification to obtain final expression for cos34 in terms of cos A
% 1
Answer: (11) » one mark for expressing 2 cos3A in terms of T...Iu 5
X,
The vowels ( E, E, I, O) can be arranged in The consonants ( NN, 8, T, X ) can be amranged in ) ) . 1?2
41 B 8 * one mark for binomial expansion of T+lu
positions 2, 4, 6, 8 in — =12 ways. positions 1, 3, 5, 7, 9 in - 60  ways. X
2! ) 2! * one mark for simplification to obtain final expression for cos34 in terms of x
Hence the total number of arrangementsis 12 x60 =720,
Answer:
(i) (11)
cos3A=cos(2A + A) 2c0s3A =R8cos® A—6cos A
(d) Outcomes Assessed: (i) PE3, PE4 (i) PE3 (iii))PE3 =cos2A 008 A—-sin2AsinA =(2cos A)* —3 (2cos A)
_ 3 ; .
Marking Guidelines =(2c0s* A~1)cos A - (2sin Acos A)sin A |T+wuulw?+r_.w
. _ Criteria Marks =2c05 A — cos A — 2sin’® Acos A & .
(1) *one mark for equation of tangent .
(ii) *» one mark for coordinates of T 4 Hnooamhroomblwﬁ_loo@»hvnﬁm uha+wn+m+ﬁwy rualw
* one mark for coordinates of M N x x) x
(iii) = one mark for equation of locus =4cos A — Jeos A4 i
=xr'+—=
Answer: x
(b) Outcomes Assessed: (i) PS, HE4 (ii) P5, HE4 (i) P4
Marking Guidelines
: Criteria Marks
S _ g s _ 1) = onc mark for finding the inverse [unction
(iALF, y=0= a_ulol__ =0 = x=t * one mark for the domain of the inverse function
Hence T has coordinates (t,0), and (ii) » one mark for the graph of y= f(x) and intercepts
M is the midpoint of Auﬂ ._“J and T(z,0), * one mark for the graph of y= f™'(x) and intercepts 7
) 2+t 140 3 g2 * one mark for the line y = x passing through the point of intersection
with coordinates | —— = = ﬁ| , — (iit) » one mark for the equation
2 2 22 * one mark for the coordinates of the point of intersection
3 2 Answer:
G e _x _2x
(i) y=3x () ALM, x = > =5 §= 3 (i) (i)
- tangent at hﬁmrnpv has gradient +(2f)=t sy Hmnuu _ 2! y=+x+6 Interchanging x and y
and cquation  y—1* = {x—21) Y \3 9 y'=x+6 gives y=x'—-6
(5=y—12=0 Hence the locus has cquation 2x* = 9y, gl s () =F -6
Range o f(x) is Domain of f7'(x) is
=
{r:y20} {x:x20)
(iii) Where y= f(x), y =/ "'(x), y=x intersect, |\o. 20 *
[Mx)=x = r-6=x
X =x-6=0
(x+2)(x-3)=0
But x #-2 (outside domain). .. x=3 Hence intersection point of the curves is (3 ,3).




) Question 4

- {(a) Outcomes Assessed: HE2
Marking Guideli
Criteria Marks
« one mark for establishing the truth of 5(1)

« one mark for ~ §(k) true = 54+ NA: an.s. for some integer M.
sonemarkfor 5" +2(11"")= 5(5*)+22(11") 5
« one mark for deducing S(k) true => S(k +1) true

» one mark for deducing §(n) true for all integers 121

Answer:
Define the sequence of statements S(n): 5" +2(117) is a multiple of 3, n=1,2,3,...
Consider S(1): s'+2(11')=27=3x9 . S(1) istrue.

If S(k) is true, then 5* +...._.A:JHWE for some integer M. **
Consider S(k+1): 5" +2(11"")= 5(5")+22(11") = s{(s)+2(11")} + 12(1")
o5 42(11)= 56M) + 12(11)=3{sM+ 4(11")} i S(K) is true, using **
But M and k integral = TET«A:JH. is an integer.
o S(k) true = S(k+1) true, k=1,2,3,...

Hence (1) istrue, and if S(k) is true, then S(k +1) istrue. .. $(2) is true, and then S§(3) is true,
and so on. Hence by Mathematical Induction, S(n) is true for all positive integers n.

(b) Outcomes Assessed: (i) HS (i) P5, H2 (iii) PE3

Marking Guidelines
Criteria Marks
(1) = one mark for areas of small circle sector and tnangle OPQ
+ one mark for equating expression for shaded area to g of large circle area
+ one mark for simplification Lo find equation in required form
(ii) » one mark for showing f(0-5), f(0-6) have opposite signs
+ one mark for using continuity of f(x) to deduce 0-5<a <0-6
{1ii) = one mark for expression for second approximation
= one mark for calculation of second approximation

Answer:

(i) Let f(x)=8sinx—2x-m . Then
f(0.5)=-0-31<0 and f(0-6)=0-18>0.
Hence, since f(x) is continuous, f(a)=0 for
some 0-S<a <0-6.

P Qo (iii) Taking a first approximation & =0-6,
o) Newton's method gives a second approximation
Areaol & POQ =} (4%)sinx o =06 - E
f'(0-6)
8sin(0-6)—2(0-6) -7
8cos(0-6) -2
=0-56 to2 decimal places.

Area small circle sector=4(2%) x
.. shaded area = Bsinx —2x =06 -
~ 8sinx-2x = Lx(a®) = x

8sinx —2x—-m =0

Question 5§

(a) QOutcomes Assessed: HE6
Marking Guidelines

Criteria

Marks

* one mark for change of limits

+ one mark for change of variable
* one mark for integration

* one mark for evaluation

Answer:

4% 7
1 1
let I = dx Then [ = 2u du
= %_ nma.vhm ; a?f.:_
7
1

H.vo H ||Q

2 ‘a ..n .—._ Nﬁ& +; E_
dx

M:HH =» dr=2udu uwm__._?._.:“_..“

r=1=u=1, x=49=u=7 h.nﬁ_zwl _nmuuw Ind

{b) Outcomes Assessed: HS
Marking Guidelines

=In2

Criteria

Marks

* one mark for expressing sin” x in lerms of cos2x
» one mark for integration, including constant of integration

« one mark for evaluation of £(3), £ (%F)
» one mark for value of difference

Answer:
B e S(x)=%x—4sin2x + ¢
&~ o 1B)-19)
=3(1-cos2x) = Au- — dsin¥F + nvlﬁ.m — §sing + ...u
wuw? Iwmiu.«u+n. ¢ constant Hﬁl«. 14 nuiﬁm -4+ nw

(¢) Outcomes Assessed: (i) HE3 (ii)HS5, HE3

Marking Guidelines

. Criteria Marks
(1} = one mark for finding the period of the motion
(ii) * one mark for expressing v * in terms of ¢
« one mark for expressing v* in terms of x *
* one mark for the value of the speed.
Answer:
:_ (xl —cosiE
(i) Period is 27 + £ = 4 seconds vi= (). 25(1-c0s*1)
(i) = 5 (25- 25008 ' &1
o = 250
dx Ko K ¥ HhﬂﬁNM|,ﬂnu
v= = 5(-%sin%) x=4 = v'=E1(25-16)= 222

v
: . . 3 i
vi= Ah.ﬂv,wumaum: Speed is - ms ™'




Question 6
{a) Outcomes Assessed: (i) P4, HE4 (ii) HE4, HES (in) HS

Marking Guidelines

Criteria Marks
(i) * one mark for expression for 8
de
(ii) » one mark for expression for o
k fi 1 _.o..%
one mark or D.&Hu—.ﬂwh_c_._ b..__ M
dé
(111) * one mark for value of ﬂ
= one mark for value of 8
Answer:
4] (1)
Pp 2 A e 1 m mooul - 200
= & 1420 ) T ¥ 440000
ok LTAP =6 | dx - 1+(20) x X
3 (alt. £ s, parallel lines) 46 do dx — 200
<) 200 i i ey (1))
T tanf =— dit  dx di x° + 40000
i . d§ _ 16000
it Todt x*440000
X
d6 _ 16000

(iii) When 6 =%, IP= AP = x=200, and o ||!|Hu8uu+nc§ = 0-2 radians per second.

Hence @ isincreasingat 11° s (correct to the nearest degree)

(b) Outcomes Assessed: (i) HES (i) H3, HS, HE4 (iii) HE3, HE7

Marking Guideli
Criteria Marks
(i) = one mark for expression for a in terms of x
(i1) = one mark for cxpressing  as an integral with respect to x
+ one mark for integration to find 7 1n terms of x
« one mark for expression for x* intermsof ¢
(iii) » one mark for graph of x* as a function of 1
« one mark for limiting values of x, v, a
* onc mark for description of limiting behaviour in words

Answer: B
U] (i)
5 1 2 e
R N R o
di 2x
d p d (1024 x So—=
nnmﬁqvﬂwmhhlulum +M dx 64— x°
2
—1024 x ﬁn._. 2
e T 64— x*

(ii)
(ii) Cont. x £ =64-60e™
& =0 |
nul__._Amhr.« U+q. = c=In60
x=2
Am&: ) o 64—x? 4
-1 = Ipf ——| , € = e— -
60 ; 60 ol t
L xt=64 - 60e”

As 1o, xo8 v P80, 0B 4R
Hence the particle is moving right and slowing down as it approaches its limiting position
7 8 metres to the ight of O

Question 7
(a) Outcomes Assessed: (i) HE3 (i) HE3

Marking Guidelines

Criteria

Marks

(i) * one mark for value of probability
(11} * one mark for expression for probability of two 6's on first roll and no 6's on second
* one mark for expression for probability of one 6 on first roll and one 6 on second

* one mark for expression for probability of no 6's on first roll and two 6's on second
» one mark for value of probability

Answer:

(i) Plone 6 on firstroll) =*C, (£)'(2)" ~0-39 (10 2 decimal places)

&
Pno 65 on first roll and two 6 s on second roll) = ..ﬁ.._ﬁhueﬁmv.. x K.A& 4
=~ Plwo 65 overall) = 0-0804 + 0-1340 + 0.0558 = 0.27 ( to 2 decimal places)

(b) Outcomes Assessed: (i) HE3 (ii) HE3 (i) P4, H2 (iv) P4,H2

Marking Guidelines

Criteria

(i} = one mark for expressions for x and y intermsof 8 and 7

(ii) *one mark for expression for y in terms of x
* one mark for rearrangement as quadratic in tan 8

(iii) » one mark for discriminant intermsof X and ¥

~ +one mark for using discriminant > 0 to give required incquality

(iv) » one mark for the values of the sum and product of tan ¢, tan B intermsof X
* one mark for the value of o+

Marks




Answer:

(i) x=501cos® and y=50isinf —51° (ii1) Projectile passes through the point (X, ¥) if
(ii) tan @ satisfies the quadratic equation

N SU— . G ; . X'an®6 - 500 X tan@ +(X* +500Y)=0
50 cos 8 . cosd 2500 cos* 0 This equation has two distinct solutions for tan 6 ,
500 y=500x tan § — x" scc’ 6 and hence for 8 , provided its discriminant A >0.

=500 x tan 6 — x* ( 1 +tan *6) A=(-500 X)" -4 X*(X* +500 ¥)
=500 xun 6~ x'- x*tan’6 =4Xx* (62500 - X*-500Y)
s x'un’ - S00 xtan8 +(x' +500 y)=0 5 A>0 provided 500Y < 62500-X*

(iv) If the projectile passes through the point (X, X) where 500X < 62500 X7, then the equation
X*tan®@ — 500 X tan @ +?L +500 Mvnc has two distinct real roots tan o, tan § where
500X 500 X%+ 500X 500
ang+tanff = —— = —

— and oo nf = L+ —
Mwu k a m ku H‘

500
aalas )= notemd 20 A- @u =
1—taner tan B X X
Since O<a+f<m, a+f uuqa,




